Recently, Type IV self-dual codes over rings of order 4 have been introduced as self-dual codes over the rings with the property that all Hamming weights are even. All Type IV self-dual codes over Z4 of lengths up to 16 are known. In this paper, the classiÿcation of such codes of length 20 is given. The highest minimum Hamming, Lee and Euclidean weights of Type IV Z4-codes of lengths up to 40 and length 56 are also determined.
Introduction
Recently, Type IV self-dual codes over rings of order 4 have been introduced as self-dual codes over the rings with the condition that all Hamming weights are even [7] . A number of properties of Type IV Z 4 -codes are studied in [7] . For example, it is shown that a Type IV self-dual Z 4 -code is closely related to a class of binary doubly even self-complementary codes. An upper bound on the minimum Lee weight of a Type IV self-dual code over Z 4 is also established. All Type IV self-dual codes of lengths up to 12 and Type IV-II codes of lengths up to 16 are also known. All Type IV-I Z 4 -codes of length 16 are classiÿed in [9] , establishing a classiÿcation method based on the classiÿcation binary doubly even self-dual codes (see Table 1 for the known classiÿcation). More recently the ÿrst author [2, 3] has introduced an improved upper bound for the minimum Lee weight and upper bounds for the minimum Hamming and Euclidean weights (see Tables 8 and 9 for the known highest minimum weights). For a [9] (see also [2] ) 16 (Type II) K 2 8 , K 16 , 3 f3, 4 f4, 5 f5 [7] ÿxed class of codes, it is a fundamental problem to classify these codes and determine the highest minimum weights.
In this paper, we deal with this problem for Type IV self-dual Z 4 -codes. In Section 2, deÿnitions used in this paper are given. Basic properties and known characterizations of Type IV self-dual Z 4 -codes are also described. In particular, Theorem 2.1 is a powerful tool for our study of Type IV self-dual Z 4 -codes. In Section 3, we give the classiÿcation of Type IV codes of length 20. In order to classify such codes, binary doubly even self-complementary codes C of length 20 satisfying the condition w H (x * y) ≡ 0 (mod 4) for any x and y ∈ C are classiÿed, where x * y denotes the Hadamard product of x and y, and w H (x) denotes the Hamming weight of x. The highest minimum Hamming, Lee and Euclidean weights of Type IV self-dual Z 4 -codes of lengths up to 24 are determined in [2, 7, 9] . In Sections 4 -8, we determine the highest minimum weights of Type IV-I codes of lengths up to 40 and length 56, and of Type IV-II codes of lengths up to 64. It is worthwhile to note that there is a Type IV-I code of length 40 such that the minimum Hamming, Lee and Euclidean weights are higher than any Type IV-II code of that length. For binary self-dual codes, it is not still known if there is a Type I code with higher minimum weight than any Type II code of that length (cf. [5] ). Section 7 also gives a construction method of Type IV self-dual codes. In Section 8, we investigate the highest minimum weights for larger lengths. Using the above method, it is also shown that there are Type IV self-dual codes with minimum Euclidean weight 16 for lengths n ¿ 64 and n ≡ 0 (mod 8).
Deÿnitions and known results

Self-dual codes
A code C of length n over Z 4 (or a Z 4 -code of length n) is a Z 4 -submodule of Z n 4 . Let x be a codeword of C and let n 0 (x), n 1 (x), n 2 (x) and n 3 (x) be the numbers of 0's, 1's, 2's and 3's in x, respectively. The Hamming weight w H (x), the Lee weight w L (x) and the Euclidean weight w E (x) of x are n 1 (x) + n 2 (x) + n 3 (x), n 1 (x) + 2n 2 (x) + n 3 (x) and n 1 (x) + 4n 2 (x) + n 3 (x), respectively. The minimum Hamming, Lee and Euclidean The Lee weight enumerator of C is deÿned as swe C (1; y; y 2 ). Any code C is permutation-equivalent to a code with generator matrix of the form
where A; B 1 ; B 2 and D are (1; 0)-matrices and I n is the identity matrix of order n. We say that a code with generator matrix in this form (1) is of type 4 k1 2 k2 (cf. [6] ). The binary [n; k 1 ] code C 1 with generator matrix
is called the residue code of C. The binary [n; k 1 + k 2 ] code C 2 with generator matrix
is called the torsion code of C. Throughout this paper, d 1 and d 2 denote the minimum weights of C 1 and C 2 , respectively.
Type IV codes and Type II codes
A self-dual code is called Type IV if all Hamming weights are even (see [7] for their properties). A Type IV self-dual code of length n exists if and only if n ≡ 0 (mod 4) [7] . Type II codes over Z 4 are self-dual codes with the property that all Euclidean weights are divisible by eight. A self-dual code which is not Type II is called Type I.
If a Type IV code is Type II (resp. Type I) then it is called Type IV-II (resp. Type IV-I). It is known that a Type II code of length n exists if and only if n ≡ 0 (mod 8). An upper bound on d E for a Type II code of length n was given in [1] as d E 6 8( n=24 + 1). Now, we present inÿnite families of Type IV self-dual codes over Z 4 .
• Klemm codes: The Klemm codes K n of length n = 4m are constructed from the repetition code R n and its dual code P n as follows:
The code K n is a Type IV self-dual code [7] .
• C m; r : These codes C m; r were introduced in [1] as constructions from binary ReedMuller codes. For 3r 6 m − 1, the code
is a Type IV self-dual code [7] .
We present some characterization of Type IV self-dual codes.
Theorem 2.1 (Dougherty et al. [7] ). Let C be a code over Z 4 . Suppose that C 1 and C 2 have generator matrices given by (2) and (3); respectively. If C is Type IV; then there exists a unique (1; 0)-matrix B such that
is a generator matrix of C. Moreover; we have
2) C 1 contains the all-ones vector; and w H (x * y) ≡ 0 (mod 4) for any x and y ∈ C 1 ; (3) the number of 2's in each row of I k1 + 2B is even; and the matrix B is symmetric.
Conversely; if C 1 and C 2 are binary codes with generator matrices given by (2) and (3); respectively, and if conditions (1)-(3) are satisÿed; then the Z 4 -code C with generator matrix (4) is a Type IV self-dual code.
By the above theorem, Type IV self-dual codes are closely related to binary doubly even self-complementary codes satisfying condition (2) and binary symmetric matrices B. Here we say that such a binary code is Type IV-residue. In this paper, the above theorem is a power tool for our study of Type IV self-dual Z 4 -codes.
In [7] , an upper bound on the minimum Lee weights of Type IV self-dual codes was given. Recently, an improved upper bound on the minimum Lee weights and upper bounds on other minimum weights have been given in [2, 3] . Theorem 2.2 (cf. Bouyuklieva [3] ). For a Type IV self-dual code of length n; we have that
Remark. It is shown in [10] 
In this paper, we show that the above improved bounds are not still tight in general (compare the bounds with the highest minimum weights in Tables 8 and 9 ).
Known classiÿcations and highest minimum weights
All Type IV self-dual Z 4 -codes are known for lengths up to 16 [2, 7, 9] . We describe in Table 1 what is known for the classiÿcation of Type IV self-dual codes of these lengths. In this paper, Type IV self-dual codes of length 20 are classiÿed.
Throughout this paper, let d H (n), d L (n) and d E (n) denote the highest minimum Hamming, Lee and Euclidean weights, respectively, of Type IV-I codes of length n, and let d H (n), d L (n) and d E (n) denote the highest minimum Hamming, Lee and Euclidean weights, respectively, of Type IV-II codes of length n. For lengths up to 24, the highest minimum weights are determined. For the highest minimum weights of Type IV-I (resp. Type IV-II) codes, the known results are listed in Table 8 (resp.  Table 9 ). In this paper, we determine the highest minimum weights of Type IV-I codes of lengths up to 40 and length 56, and of Type IV-II codes of lengths up 64.
Classiÿcation of length 20
In this section, we give the classiÿcation of Type IV self-dual codes of length 20.
Mass formula and binary residue codes
We ÿrst give the mass formula to check that our classiÿcation completes. Theorem 3.1 (Dougherty et al. [7] ). Let N (n) be the number of distinct Type IV self-dual codes of length n and let (n; k) be the number of distinct binary Type IVresidue codes C of length n and dimension k, then
Remark. This mass formula can be used for each k. We denote (n; k)2
by N k (n).
By Theorem 2.1, in order to classify Type IV self-dual codes of length 20, we ÿrst need the classiÿcation of binary Type IV-residue codes of length 20.
By a direct argument, our computer search shows the following classiÿcation.
Proposition 3.2. There are exactly 13 inequivalent Type IV-residue codes of length 20. To check that our classiÿcation is complete, we use the above mass formula. Thus, we need to compute the order of the automorphism group of a given Type IV Z 4 -code. Instead of computing directly the automorphism group of a Z 4 -code, we use Proposition 3 in [9] since the automorphism group of a binary code is easily computed by MAGMA or GAP.
• Decomposable codes: We give all decomposable codes of length 20 in Table 3 for each k 1 . There are 13 decomposable codes of length 20. We shall show that the 13 codes are inequivalent. • k 1 = 1: There is a unique Type IV self-dual code, namely K 20 [7] .
• k 1 = 2: We ÿrst give a characterization of Type IV self-dual codes with k 1 = 2.
Proposition 3.3. Any Type IV self-dual code of length n and k 1 = 2 is decomposable.
Proof. There is only one possibility for the matrix B, namely the zero matrix. Moreover, any binary doubly even self-complementary code of dimension 2 is decomposable. Therefore a Type IV self-dual code is decomposable. This shows that our classiÿcation for k 1 = 2 completes.
• k 1 = 3: There are two possible matrices for B, namely For k 1 ¿ 3, we only give the inequivalent Type IV self-dual codes. We deÿne the codes C 3;i in Table 4 . The orders |Aut(C 3;i )| of the automorphism groups are also listed.
It is easy to see that C 3; 2 is equivalent to K 4 + K From Table 4 , we have that Hence C 3; 1 ; C 3; 2 ; C 3; 3 ; C 3; 4 and C 3; 5 complete the classiÿcation for k 1 = 3.
Generator matrices of C 3; 1 , C 3; 2 and C 3; 3 are as follows: respectively. Generator matrices of C 3; 4 and C 3; 5 can be obtained from these matrices using B 3; 1 and B 3; 2 .
• k 1 = 4: We ÿrst deÿne the following matrices for B: 
We give the inequivalent codes C 4;i in Table 5 with the orders |Aut(C 4;i )| of the automorphism groups. From Table 5 , we have that Generator matrices of C 4; 1 , C 4; 2 and C 4; 4 are as follows: 
respectively. Generator matrices for the other codes can be obtained from these matrices using B 4;i i = 2; 3; 4.
• k 1 = 5: We give the inequivalent codes C 5;i in Table 6 with the orders |Aut(C 5;i )| of the automorphism groups where the matrices B are as follows: 
From Table 6 , we have that Generator matrices of C 5; 1 , C 5; 2 and C 5; 4 are as follows: 
respectively. Generator matrices for the other codes can be obtained from these matrices using B 5;i i = 2; : : : ; 7.
• k 1 = 6: We have veriÿed that K 4 + 5 f5 has the automorphism group of order 2 21 · 3 3 · 5 · 7. Let C 6 be the Type IV self-dual code with the following generator matrix: 
We have obtained that the order of the automorphism group of C 6 is 2 21 · 3 2 · 7. Thus, Hence there are exactly two inequivalent Type IV self-dual codes with k 1 = 6. Therefore we have the following classiÿcation:
Theorem 3.4. There are exactly 27 inequivalent Type IV Z 4 -codes of length 20.
In Table 7 , we summarize the numbers of the codes for each k 1 . 
Length 28
In Sections 4, 5, 6 and 7, we determine the highest minimum weights of lengths 28, 32, 36 and 40, respectively. We begin with elementary lemmas. Proof. Let w ∈ C 1 is a codeword of weight 12. Without loss of generality, we can assume that w = (1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 0; 0; : : : ; 0; 0 Moreover, since there are Type IV-I codes with d E = 8 for lengths 12 and 16, the direct sum of the codes is a Type IV self-dual code of length 28 and d E = 8. Thus we determine the highest minimum weights for length 28. (1) Suppose that there is a Type IV self-dual code C with d 1 = 16. Then k 1 must be 6 by the tables in [4] . Since C 1 contains the all-ones vector, its weight enumerator is W (z) = 1 + (2 6 − 2)z 16 + z 32 . All weights of codewords of C 1 are divisible by eight. By Proposition 3.2 in [7] , the corresponding Z 4 -code is Type IV-II. [11] . Note that the codewords of weight 16 form a quasi-symmetric 2-(36; 16; 12) design with intersection numbers 4 and 6. By Theorem 2.1 these codes cannot be Type IV-residue codes. Therefore k 1 ¿ 9. It follows that ¿0 and d 1 = 8. Without loss of generality, we can assume that x = (1; 1; 1; 1; 1; 1; 1; 1; 0; : : : ; 0) ∈ C 1 . According to Lemmas 4.1 and 4.2, Res(C; x + 1) is a doubly even self-complementary code of length 8 with dual distance at least 4. There exists a unique code with these properties and it is the extended Hamming code e 8 . Hence we can take a generator matrix of C 1 in the form 
where G It follows that C 1 contains a codeword of weight 20 and hence C is Type IV-I.
We give a method to construct binary Type IV-residue codes. Proof. It is easy to see that
Since w H (x; x) = 2w H (x) and w H (x+1; x) = n−w H (x)+w H (x) = n, the weight enumerator of B is W B (z) = W B (z 2 ) + 2 k z n . Hence the minimum weight of B is 2d. Hence the dual distance is min{d ⊥ ; 4}. A codeword in B has forms (x; x) or (1 + x; x), where x ∈ B.
w H ((x; x) * (y; y)) = 2w H (x * y) ≡ 0 (mod 4);
Thus B satisÿes the above condition.
Remark. If n ≡ 0 (mod 8) then the weights of codewords in B are divisible by eight. By Proposition 3.2 in [7] , the corresponding Z 4 -code is Type II.
We investigate the minimum weights of B + 2 B ⊥ where B is the binary code constructed by Theorem 7.2. Remark. By Construction A 4 (cf. [1] ), the lattice obtained from C 40 is an optimal odd unimodular lattice with minimum norm 4. Combined with Lemma 7.1, we have the following:
There is a Type IV-I code of length 40 such that the minimum Hamming, Lee and Euclidean weights are higher than any Type IV-II code of that length.
Remark. For binary self-dual codes, it is not still known if there is a Type I code with higher minimum weight than any Type II code of that length (cf. [5] ). Proof. Suppose that C is a Type IV self-dual code with d 2 ¿ 6 and w ∈ C 1 is a codeword of weight 20. According to Lemma 4.2, the residual code Res(C 1 ; w + 1) is a doubly even self-complementary code. Moreover, since the Gray map image of a Type IV Z 4 -code is linear, x * y ∈ C 2 for any x and y ∈ C 1 [8] . Thus the residual code has minimum weight ¿ 6. Hence it is a [20; s; 8] code with weight enumerator
Using the MacWilliams identities, we obtain that its dual code contains 3 · 2 7−s − 2 ¿ 1 codewords of weight 2. Therefore, the dual code of C 1 contains a codeword of weight 2, which contradicts the dual distance of C 1 .
Suppose now that there is a codeword u ∈ C 1 of weight 16. Similarly, the residual code Res(C 1 ; u + 1) is a doubly even self-complementary [16; s; 8] code. But all codes with such parameters have dual distance 2 or 4. Hence the dual distance of C 1 must be 2 or 4. Proof. By Theorem 2.2, d 2 6 8. Suppose that there is a Type IV self-dual code C of length n = 44; 48; 52, or 56, and d 2 ¿ 6. By Lemma 8.1, the residue code C 1 must be a doubly even self-complementary [n; k 1 ; d 1 ¿ 24] code. We use the tables from [4] . Let d(n; k) be the highest minimum distance for which a linear binary [n; k; d(n; k)] code exists.
(1) Let n=44. It follows that C 1 contains a codeword of weight 28 and hence C is Type IV-I.
The highest minimum weight of binary self-dual codes of length 28 is 6 (cf. [5] ). However, by considering the doubly even subcode of some binary self-dual code, a Type IV-I code with d H = 4, d L = 8 and d E = 16 is constructed as follows. Let B 0 be the doubly even subcode of the self-dual [28; 14; 6] code B 28 (see [5] As a summary, the highest minimum weights of Type IV-I (resp. Type IV-II) codes are listed in Table 8 (resp. Table 9 ). 
